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Mixing Rates of Random Walks with Little Backtracking 

Sebastian M. Cioaba and Peng Xu 


Abstract. Many regular graphs admit a natural partition of their edge set 
into cliques of the same order such that each vertex is contained in the same 
number of cliques. In this paper, we study the mixing rate of certain random 
walks on such graphs and we generalize previous results of Alon, Benjamin!, 
Lubetzky and Sodin regarding the mixing rates of non-backtracking random 
walks on regular graphs. 


1. Introduction 

Let G = {V, E) be a connected, non-complete and non-bipartite graph. Assume 
that its edges are partitioned into a set of cliques /C such that each clique in /C has 
the same order I and each vertex of G is contained in precisely d cliques from 1C. 
Obviously, |/C| = and G is d{l — l)-regular. When I = 2, this is equivalent with 
G being d-regular and K. is just the set of edges of G. 

Let e G [0, l/d] be a fixed constant. In this paper, we study the mixing rate of 
the following random walk on the vertices of G. Start with an arbitrary vertex. 
In the first step, the current vertex picks one of its d(l — I) neighbors uniformly at 
random. In each subsequent step, the walk can stay in the same clique (from /C) 
as the most recent used edge with probability e by uniformly choosing one of the 
I — 1 neighbors in the current clique, or else it can leave the clique containing the 
most recent edge with probability 1 — e by uniformly choosing one of its remaining 
(d—l)(i —1) neighbors. After the first step, the probability of choosing a neighbor in 
the current clique is Ps := (we call ps the staying probability) and the probability 

of choosing a neighbor in a different clique is pi := (we call pi the leaving 

probability). 

When I = 2 and e = 1/d, is the usual random walk on the vertices of a 
regular graph G whose behavior is well studied mm- In particular, it is known 
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that the mixing rate (see Definition HH) of such random walk is p 
(see [131 Corollary 5.2]). 


max(|A 2 |,|A„|) 

d(i-l) 


Remark 1.1. When e = 0 and I > 2, is what we call a cliquewise non¬ 
backtracking random walk on G. This means that in each step, the walk cannot 
stay in the same clique it came from. i.e. is the set of {wq, wi, - ■ ■ ,Wk) such 

that Wt G V, Wt-iWt € E for all t S [k], Wt-i Wt+i; Wt-iWt and wtWt+i cannot 
be both in the same clique from 1C. Furthermore when e = 0 and I = 2, is a 
non-backtracking random walk on G whose behavior has been studied extensively in 
recent years^ [3l [HI |T0] . In particular, Theorem 1.1 m [2] will be a special case of 
our Theorem El 


Define the fc-steps transition probability of as follows: 

:= nXk = v\Xo = u). 

Definition 1.1. The mixing rate of this random walk with respect to the uni¬ 
form distribution is defined by 


p{G) := limsup max 

k —>-00 u,v^V 


p(k) _ 


1 


1/fe 


Note that if p{G) < 1, then the fc-steps transition probability distribution con¬ 
verges to uniform distribution as fc —>■ oo (i.e. the total variance of the probability 
distribution Pfv and uniform distribution decreases exponentially). 

Define if : [0, oo) —R by: 


( 1 . 1 ) 


fjix) := 


I 1 if 0 < a: < 1 

I X -I- \/a:^ — 1 if a: > 1 


Let d(^ — 1) = Ai > A 2 > As > • • • > A„ be the eigenvalues of the adjacency 
matrix of G. Let N be the vertex-clique incidence matrix of G corresponding to the 
clique partition /C. The rows of N are indexed by the vertices of G and the columns 
are indexed by the cliques in 1C. For any x G V[G) and K £ 1C, N{x, K) = 1 x 
is contained in K and 0 otherwise. It is straightforward that the adjacency matrix 
of G equals NN^ — dl. This implies that A„ > —d. 

The following are the main results of our paper. 

Theorem 1.2. Let d > 2,1 > 2 be two integers and e G [0,1/d). Denote 
g :_ Q jg ^/jg _ I'j-regular graph and the random walk 

defined above, respectively. 

(1) If 1{1 — 6) < d with d > 3 and I > 2, then We converges to the uniform 
distribution, and its mixing rate, p, satisfies: 


( 1 . 2 ) 


1-d 


P = 


-M: 


A 


(d - 1 + S){1 - 1) V2^(Z - l)(l - 6)(d -1 + S)- 

where A := maxi= 2 ,n |Ai — {I — 2)(1 — (5)|. Moreover, if we treat p as a 
function of e on [0,1/d], then p{e) is continuous on [0,1/d]. 

(2) If 1{1 — 6) > d with d > 2 and I > 2, then We converges to the uniform 
distribution, and its mixing rate, p, satisfies: 


1-6 


P = 


A 


A 


(d-l-h(5)(;-l) V2y'(Z-l)(l-d)(d-l-td) 


(1.3) 
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where A := inaxi-, 2 <i<n- Xi^-d |Ai - {I - 2)(1 - (5)|. 

By taking e = 0 in the previous theorem, we obtain the following results. 


Corollary 1.3. Let d > 2 and I >2 be two integers and let G be a connected 
and non-bipartite d{l — l)-regular graph defined above. Let A := maxi= 2 ,n 
and A ;= maxj: 2 <i<n; \i^-d |Ai - - 2)|. 

(1) If d > I with d > 3 and I > 2, then a cliquewise non-backtracking random 
walk as defined in Remark \l.l\ on G converges to the uniform distribution, 
and its mixing rate, p, satisfies: 

(1.4) p =— ^|;(— ) 

^{d-i){i-iyy2^{d-i){i-i)i 

(2) If d < I, with d>2 and I > 3, then a cliquewise non-hacktracking random 
walk as defined in Remark \l.l\ on G converges to the uniform distribution, 
and its mixing rate, p, satisfies: 


(1.5) 


P = 


=*( 


y{d-i){i-i) \2y{d-i){i-i) 


Remark 1.2. We mention the statement p{e) is continuous on [0,1/d] in The- 
orem \1.‘A because p = p{e) appearing in (II.2p is a continuous function of 5 € [0,1) 
and hence of e € [0,1/d). On the other hand, if e = 1/d, then W^jd is the simple 
random walk with mixing rate 


p{l/d) 


maxi=2,n I Ail 

d{l - 1) 


So the statement actually means that p{e) is left continuous at e = 1/d. 


Remark 1.3. A special case of Corollary \1.S\ is I = 2, which is exactly the 
non-hacktracking random walk on a d-regular graph G defined in [^. Theorem 1.1 
in will be obtained from Corollary \1.3\ by taking I = 2. 

Remark 1.4. The random walk in Theorem [U is not necessarily a non¬ 
backtracking random walk for 0 < e < 1/d. Because for every step, can choose 
the same clique of its last step with probability e, and then choose its last posi¬ 
tion with probability 1/(1 — 1). This means that we permit a “little” backtracking 
in each step with probability e/(l — 1). However if e = 0, we have a cliquewise 
non-hacktracking random walk defined in Remark \l.l[ 


2. Proofs of main results 

Prooe OE Theorem 11.21 Let G' be the bipartite vertex-clique incidence graph 
of G. More precisely, G' will have color classes V = V(G) and /C with x G V and 
K G 1C being adjacent if and only if x G K. Clearly, G' is a bipartite (d, Z)-biregular 
graph with each vertex in V having degree d and each vertex in K, having degree 
1. A fc-step random walk Xq —>■ Xi —>■ • • • —>■ Xk on G is equivalent to a 2/c-step 
random walk Xq —>■ Kq —>■ cci —>■ Ki —>■•••—>■ Xk-i —t ATfc —t Xk on G' such that 
Kq, ..., Kk G /C, XiXi+i G Ki lor 0 < i < k — 1. Also, by our setting Ki = ATi+i 

with probability e, for 0 < i < A: — 1; and Xi a^i+i for 0 < i < A: — 1. 

We define the weight of walk on G' to be d™ if this walk backtracks exactly 

TO times. If TO = 0, the weight of such a walk will be 1 and the walk is non¬ 

backtracking. If e = 0 or 1/d, which implies d = 0 or 1 respectively, then the weight 
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will reduce to the number of walks. A walk in G' can only backtrack on the color 
class corresponding to the vertices of G. This means that consecutive steps of the 
form K ^ X ^ K are allowed, but consecutive steps of the form a; —>■ AT —>■ a; are 
forbidden. If Xq —>■ AIq Xi ATi —>••••—>• Xfc —>■ Kk is a walk of length 2k in G' 
that backtracks exactly m times, this means that in the corresponding walk on G 
with k steps: a:o —>■ xi —>■•••—>■ Xfc, to will be number of steps the walk stays in the 
same clique it came from. 

Let A be the adjacency matrix of G', where the first rows and columns are 
indexed after the vertices of G. If N is the vertex-clique incidence matrix defined 


before Theorem ll.2l then A = 


0 

N* 


N 

0 


Define as the matrix whose rows and 


columns are indexed by the vertices of G", where Ai^l equals the sum of the weights 
of all walks of length k from x to y in G". Let be the upper left nx n principal 
matrix of and be the upper left nx n principal matrix of A. 

We claim that the probability transition matrix corresponding to the random 
walk We equals 


( 2 . 1 ) 


p ( k ) _ 


R(k) 


Recall that MG is a random walk on the vertices of G with a clique partition 
K, that works as follows. After picking a neighbor at random in the first step, the 
walk will continue by picking a neighbor of the current vertex with the probability 
of choosing a neighbor in the current clique being ps := and the probability 
of choosing a neighbor in a different clique being pi := ■ Also, note that 

J _ e(d-l) _ £s 
1-e PI ' 

To prove 1211, we only need to observe that by our definition of 6, note that 
each walk with k steps containing exactly to times staying in its previous clique is 
assigned a probability of 


( 2 . 2 ) 


1 


d{l - 1) 
(2.3) 


p^pk-l-m 


1 


1 - e 


d(;-l) \l-lj \{d-l)il-l) 
1 f e{d — 1) 


k—l — r 


(2.4) 


d{l - 1) 
1 


1-e 


((d-!)(/- 1) -k 


k-1 


d{l-l) ((d_ i + 5)(;_ 

Let Uk{x) be the Chebyshev polynomials of the second kind of degree A: > 0: 


(2.5) 


Uk{cos{e)) 


sin ((fc -I- 1)6*) 
sin 6* 


It is known that these polynomials satisfy the recurrence relation Uk+i{x) 
Uk-i{x) and C/_i(x) = 0, Uq{x) = 1, Ui{x) = 2x, U 2 {x) = 4x^ — 1. 

For fc > 1, define 

( 2 . 6 ) 


2xUk{x) — 


Qkix) := \/{l- 1)(1 - 5){d -1 + S)Ukix) + {l-2){l-S)Uk-iix) 


\/d— 1 -I- (5 


Uk-2{x) 
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and 


(2.7) Qk{x) := Y^((Z-l)(l-d)(d-l + d))" 


( x-{l-2){l-5) \ 

^2,J{l-l){l-5){d-l + 5)J 


We claim that 


( 2 . 8 ) = Qk{R), 

where R = R^^\ i.e. the adjacency matrix of G. 

To prove this claim, we will first obtain a recurrence relation for the matrices 
which will enable us to find a recurrence relation for the matrices R^^\ The 
result will then follow by induction on k. 

Clearly 

(2.9) = A. 

If X ^ y € V(G'), we have Ai^^l = A^ y. If x is a vertex of G, then A^}x = 
0 — A^ ^ — d. If if is a clique in 1C and y G K m G, then the weight of the walk: 
K ^ y ^ K \B 5. Therefore the sum of the weights of all walks from K to K with 
length 2 is 15. Thus, A^^j^ = IS = Aj^j^ — 1(1 — S) implying that 

(2.10) olP) = .4^ - 

For k > 2, we claim that 

( 2 . 11 ) = ((-DU-J)/)^ 

If * G V{G') = FU/C and y G V, then A^^^A^^y equals the sums of the weights 
of the walks * = wo,wi,... ,Wk = K of length k from * to K, where K G 1C ranges 
through all neighbors of y in G'. If Wk-i ^ y then * = wo,wi,... ,Wk = K, Wk+i = 
y is a walk of length fc +1 with no backtracking at the last step and the total weight 
of such walks is Al^y . If Wk-i = y, then the weight of all walks * = wo,wi,... ,Wk 
with Wk-i = y Is (d — I + 5)A^^^y , where d — I comes from the d — I choices of Wk 

with Wk ^ Wk -2 and <5 comes from the weight 6 for those walks with Wk = Wk- 2 - 
If * G V{G') = F U /C and K G 1C, then AI^IA^^^k equals the sums of the 
weights of the walks * = wo,wi,... ,Wk = z of length k from * to z, where z G F 
ranges through all neighbors of K in G'. If Wk-i 7 ^ K then + = wq,wi, ... ,Wk = 
z,Wk+i = K IS a. walk of length fc + 1 with no backtracking at the last step and 
the total weight of such walks is ^ G If Wk-i = K, then the weight of all walks 

* = wo,wi,... ,Wk with Wk-i = K is {I — I)(I — where I — 1 comes from 

the I — I choices of Wk such that Wk 7 ^ Wk -2 and 1 — d comes from the fact that for 
every such walk, we need to keep the d-portion of backtracking at the last step. 
Using (12.911 . (I2.10L (12.Ill) , we obtain the following recurrence relations: 

r _^(fc+l) ^ yik+l) _ 1 ^ 

^yik+l) ^ +rfj) _ (/ _ 1)(1 _ 5)F(U. 

With R — R^^\ a simple calculation yields 

(2.12) 

I i?(2) 2)(1 - 5)R - d{l - 1)(1 - 5)1. 

1 i?F+i) = Ri^)R -{I- 2)(1 - d)i?W -{I- 1)(1 - d)(d - 1 + d)i7('=-i). 
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We will use strong induction on k to prove our claim (12.8L For the base case 
A: = 1, by plugging in U-i{x) — 0, Uo{x) = 1, Ui{x) = 2x, U 2 {x) = Ax^ — 1, we 
have 


= R=Vil-m-S){d-l + S) ^ +(Z_2)(1-^)J 

= Qi{R) 


Also, for A; = 2, we have that 


i?(2) ^ _{i_2){l-5)R-d{l-l){l-5)I 


^{l-l){l-5){d-l + 5)- 
|^VG-l)(l-<5)(d-l + <5)(^4( 

+ (l-2)(l-d) 


R-{I-2){l-5)1 
2s/{l-l){l-5)[d-l + 6) 
R-{l-2){l-5)I 


r-') 


^{l-l){l-5){d-l + 5) 




\/d — 1 + 5 


= Q2{R). 


For the induction step, assume that (12.81) is true for every I < k and we will prove 
it for A: + 1. Because qk is a linear combination of Chebyshev polynomials, we have 
the recurrence relation qk+i{y) = 2yqk{y) — qk-i{y) for every A; > 1. Therefore we 
have 




= RQk{R) -{I- 2)(1 - S)Qk{R) -{1- 1)(1 - S)id - 1 + S)Qk-iiR) 

’ v^(;- i)(i-d)(d - 1 + d) 


( R-(I-2){l-5)1 ^ 

''^2^{l-l){l-5){d-l + 5)J 


- v^((l-l)(l-d)(d-l + d))Vi 


= v^((l-l)(l-<5)(d-l + (5))V+i 


( R-{l-2){l-5)I ^ 
^2,J{l-l){l-5){d-l + 5)' 

( R-{I-2){1-5)1 ^ 
^2^{l-l){l-5)id-l + 5)' 


— Qk+i{R)- 


This completes the induction process. 

Let 1 = fii{k), fj, 2 {k), ■ ■ ■, Unik) denote the eigenvalues of and let 

fi{k) := max{\fj, 2 {k)\, •••, \y,n{k)\}. 


We claim that 
(2.13) 


k-jk) 

n 


< max 


p(^) 


< kik)- 
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To see this, note that the unit vector vi := -^(1,1, • 
corresponding to the eigenvalue fii = 1. Therefore 
1 


max 


p(^)_ 


= max 




< max 
l“l=hl=i 


, 1) is an eigenvector of 


On the other hand 


max 


p(^) 


1 

n 



— \/tr[(P(^) — vTvi)‘^] 
n V 


Thus, 

(2.14) p = limsupp(A:)^/^ = max limsup 

k—^oo 2<i<n 


n\ 


s=2 


M(fe) 

n 


Using (12.11) and that R = is the adjacency matrix of G, we get that 
(2.15) 

_ 1 /7 / Xi - {I - 2){1 - S) \ 

d{i-i)^\{d-i + s){i-i)) ®H2y'(z-i)(i-^)(d-i+lyy 

where Xi is the Tth largest eigenvalue of R. We will use the following lemma whose 
proof is contained in the Appendix. 


Lemma 2.1. For d > 2, I > 2 and S £ [0,1), if Z(1 — S) < d, then 


(2.16) 


limsup|gfc(2/)r^'‘ = 

k—^oc 


*/ - 1 < y < 1 


|y| + \/y^ - 1 ii/|y|>i. 

For d>2, I >2 and 6 £ [0,1), if 1{1 — 6) > d, then 


(2.17) 


limsup|(Zfe(z/)|i/'= = 

k—¥(X) 


1 

\y\ + -1 


d—l-\-S 

d-m-s) 


*/ - 1 < y < 1 

^f\y\ ^ l,y^ -d-(l-2)(l-S) 

ify = 


2^{l-l){l-6){d-l+S) 


2^J{,l-l){l-S)(d-l+6) 


Thus, if ^(1 — (5) < d, by (12.141) . (12.151) and (12.161) . we obtain that 


l-(5 


P = 


A 


(d-l + (5)(Z-l) 5){d-l + 5) 


where A := maxA 2 ,A„ |Ai — if — 2)(1 — i5)|. This proves (11.21) . 

The random walk Wc will converge to uniform distribution if p < 1. This would 
be implied by 


(2.18) A < (d - 1 + S)(l -1) + (1-S) = d{l 2)(1 - d). 

We will verify (12.181) in the following argument. If X 2 > {I — 2)(1 — 6), then 
since G is connected, A 2 < d{l — 1) and therefore, 

X2-{1-2){1-S) < d{l-l)-{l-l){l-S) + il-S) = {d-l + S){l-l) + {l-S). 

If A 2 < (Z-2)(l-d),then |A2-(;-2)(1-(5)| = {1-2){1-S)-X 2 < (Z-2)(l-(5)-A„. 
From the observation contained on page 2 just before Theorem 11.21 we know that 
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An > —d. When I > 2 and d > 2, we get that 
{I - 2)(1 -S)-Xn<il- 2)(1 -6) + d 

= {d-l + 6){l -l) + {l-d)-{d + 2S- 2){l - 2) 

< {d-l + S){l-l) + {l-S). 

If Z = 2, then d = d{l — 1) and, since the graph is non-bipartite, A„ > —d. Conse¬ 
quently, we have that 

(Z - 2)(1 - d) - An < (Z - 2)(1 -6) + d<{d-l + S){1 - 1) + {1 - 6) 
which proves that p < 1. 

Lastly, if we treat p as a function of e on [0,1/d], in order to verify that p(e) is 
continuous on [0,1/d], it suffices to verify that 

, |A,1 

hm p(e) = max — -— 

e—^l/d i:2<i<n d[l — 1 ) 

In fact, by the fact that <5 —?> 1 when e —>■ 1/d, we get that 

A 


A 


lim p(e) = lim < / -—— , ^ , ,_ 

<5^1 Y (d - 1 -f d)(Z - 1) V2y'(Z - 1)(1 - (5)(d - 1 -f (5) 


= lim 


l-d A -f - 4(Z - 1)(1 - d)(d -1 + 6) 


s^i]j {d-l + S){l-l) 2^(1-1)A-S){d -1 + 6) 

\A\ 


= max 


i:2<i<n d{l — 1) 

This finishes the proof of the case Z(1 — 6) < d. 

If Z(1 — (5) > d and Xi = —d for some i, then equation (12.171) of Lemma [2.11 
implies that 


(2.19) 

where 


lim sup = lim sup \qkiyo)\^^'" = 

k—^oo k—>-oo 


' d-l+S 
(Z-l)(l-d) 


< 1 , 


2/0 = 


-d- (Z-2)(l-(5) 


2v'(Z-l)(l-(5)(d-l + d) 

Because 'ipiv) ^ 1 for all y, we deduce that since there exists some i such that 
Xi > —d {as G is not complete), then 


P = 


1-6 


A 


X 


{d-l + 6){l-l) \2Ail-l)il-6){d-l + 6) 


where 

A:=..,^.max JA, - (Z - 2)(1 - d)]. 

z:2<2<n; Xi> — d 

Note that the random walk converges to uniform distribution in this case 
as well. If Xi = Ai_|_i = ■ • • = A„ = —d where i is the smallest index with this 
property, then the mixing rate is 


P = 


1-6 


A- 


X 


(d-l + d)(Z-l) V2y'(Z-l)(l-d)(d-l + d) 
with A = maxj= 2 ,i-i JA^ — (Z — 2)(1 — d)j. 
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To make sure that this is strictly less than 1, we need A < {d — 1 + S){1 — 
1) + (1 — S). If X 2 > {I — 2)(1 — 6), then we have the same argument as in the 
proof of the case /(I — S) < d since G is connected. If X 2 < {I — 2)(I — 6), we have 
IA 2 —(^ —2)(I —5)1 = (/ —2)(1 —5) —A 2 < (^ —2)(1 —5) + das G is non-complete. So 
we can use the same argument to show (Z — 2)(I — 5) + d < (d — I+ 5)(Z — I) + (1 — 5). 
So we have IA 2 — (Z — 2)(1 — 5)| < (d — 1 + 5)(Z — I) + (1 — 5). On the other hand, 
for Ai_i, we can use the same argument as that of A 2 by noting that — d < Ai_i < 
A 2 < d(Z - I). □ 

Proof of Corollary 11.31 Substitute 5 by 0 in Theorem 1 1.2 1 □ 


3. Comparing the mixing rates of simple, non-backtracking and 
cliquewise non-backtracking random walks 

3.1. The mixing rates of the usual random walk and the cliquewise 
non-backtracking random walk. 

Corollary 3.1. Under the conditions of Corollarv \1.3\. if both of the following 
conditions 

(1) d>l; 

(2) X := maxi=2,n |Aj - (Z - 2)| > 2^{d- 1)(Z - 1) 

are true, then p < p, where p is the mixing rate of the simple random walk on G 
and p is the mixing rate of the cliquewise non-backtracking random walk on G. 


Proof of Corollary 13.II As mentioned in the introduction, it is known 
that p = where A' := max{|A 2 |, |A„|} (see |131 Corollary 5.2]). 

If maxi= 2 ,n “ 2)1 > 2^ (d — 1)(Z — 1), we have either IA 2 — (Z — 2)| > 

{1 — 2) — Xn with IA 2 — (Z — 2)1 > 2^y (d — 1)(Z — 1), or else IA 2 — (Z — 2)| < (Z — 2) — A„ 
with |(Z — 2) — A„ > 2^y{d — 1)(Z — 1). We will discuss in three cases. 

• Case 1: IA 2 — (Z — 2)| > 2y ^(d — 1)(Z — 1) and IA 2 — (Z — 2)| > {1 — 2) — A„. 

• Case 2: (Z - 2) - A„ > 2v'(d - 1)(Z - 1) and IA 2 - (Z - 2)| < (Z - 2) - A„ 
and |A„| > IA 2 I. 

• Case 3: (Z — 2) — A„ > 2 ^/(d — 1)(Z — 1) and IA 2 — (Z — 2)| < (Z — 2) — A„ 
and |A„| < IA 2 I. 

For Case 1, we claim that this case implies X 2 > 1 — 2. Because if otherwise 
then we have 

(Z-2)-A2 = |A2-(Z-2)|>(Z-2)-A„ 


therefore A 2 < A„ => A 2 = A„, which means that G is complete, contradicts to our 
assumption on G. Therefore it is clear that A 2 > |A„| as Z — 2 > 0. So for this case, 
we have 


(3.1) 

(3.2) 


A 2 - (Z - 2) + v'Ai - 2(Z - 2)A2 + Z2 - 4d(Z - 1) 
2(d-l)(Z-l) 


A2 

d(Z - 1) 


and 

(3.3) 


A 2 > 2v^(d- 1)(Z- 1) + (Z-2)>2 + Z- 2 = Z 
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Note that, since the graph G is connected, then 


(3.4) 

(3.5) 

Thus we have 


A2 < d{l - 1) 

=> —4(i(/ — 1) < — 4 A 2 


P = 


< 


A 2 - (/ - 2) + v'Ai - 2(Z - 2)A2 + P - 4d(Z - 1) 
A2 - (/ - 2 ) + v'Af - 2 {l - 2 )A 2 + P- 4A2 


2(d- 1)(; - 1) 
A 2 - (^ - 2) + v'(A2 - O' 


by (13.5p 


2{d-l){l-l) 

A2 — {I — 2 ) + A2 — I 


by (13.31) 


2(d- 1)(Z- 1) 

X2-{1- 1) X2-{1- 1) 


< 


(d-!)(;-!) d{l-l)-{l-l) 

X 2 


d{l - 1) 
= P 

which provides Case 1. 

For Case 2, we have 


by (13.5p 


lAnl + (I — 2) + ^/lAnp + 2(1 — 2)|A„| + — 4d(Z — 1) 


2(d-!)(/-!) 


|A„ 


(3.6) p = 

So it suffices to prove 

, . |A„| + (I — 2) + -^/lAnp + 2{l — 2)|A„| + P — 4:d{l — 1) |A„| 

~ 

and, because oi d> I and the fact that A„ > —d 

(3.9) d > |A„| > 2 a/( d - 1){1 -l)-{l-2)> 2y'{l - 1){1 - 1) - (/ - 2) = 
Thus the left hand side of (|3.8I) is: 


|An| + (Z — 2) + \/|AnP + 2(1 — 2)|An| + — 4d(Z — 1) 

2(d- 1) 


^ |A„| + (Z — 2) + \/|A„p + 2(Z — 2)|A„| + P — 4|A„|(Z — 1) ^ 

- - w^) - 

|An| + (Z — 2) + v^OA^JJ^^T)^ 


2(d- 1) 

|Ari I + (Z — 2) + |An,| — Z 
2(d- 1) 

^ by dSiP 
a — 1 a 


by dSSl) 


which provides Case 2. 
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For Case 3, we claim that this case still implies that X 2 > I — 2 (by which we 
will derive the value of p). To see this, the fact |An| < IA 2 I and the fact that G is 
not complete imply that A 2 > 0. Further if A 2 < ^ — 2, we have that 

1-2>\2> |A„| > 2^/(d-l)(^-l)- {I - 2) 


therefore l — 2> 2\J{d — 1)(1 — 1) — {I — 2), which implies {I — 2)^ > (d— !)(/ — 1) > 
{I — 1)^ by the fact that d> I, which is impossible. So we have 


(3.10) p = 

'>= 5 ( 131 ) 

So it suffices to prove 


|An| + (1 — 2) + \/|A„P + 2{l — 2)|A„| + P — 4d(/ — 1) 


2(d- 1)(; - 1) 


A2 


(3.12) 


|A„| + (Z - 2) + v'|A„|2 + 2(;-2)|A„|+/2-4d(l-l) ^ A 2 
2{d- 1) - d 


In this case, we still have (I3J1) holds. Therefore by the same argument of Case 2, 
the left hand side of (I3.12p is: 


A2 


|A„| + (1 - 2) + v^|A„P + 2{l - 2)|A„| + - 4d(T^ < W _ 

2 (d — 1) ~ d ~ d 

which ends the proof of Corollary 13.11 


□ 


Remark 3.1. Inequality hS.tA) implies that if |A„ — {I — 2)| > 2 
for the case d>l, then —d < A„ < —1. In particular, if d = I then A„ = —d. 

Corollary 3.2. Based on the conditions of Corollarv \3.1\ and the three cases 
provided in the proof of Corollarv \3.1l we have the following lower bounds: 


d{l - 2) 



• For 

Case 

(3.13) 


l> 


P 


• For 

Case 

(3.14) 




• For 

Case 

(3.15) 


l> 


> 


1-2 


2(d-l) 2(d-l) 

d{l - 2) 


Proof of Corollary 13.21 For Case 1, we have, by m and and the 
fact that ifix) > x, we have 

dX2 - d{l - 2) d d{l - 2) 


> 


2(d-l)A2 2(d-l) 2(d-l)A2 


which attains its minimum at X 2 = 2\J{d— 1)(/ — 1) + (/ —2), which provides (13.131) . 
To see this bound is not trivial, just note that 2^/{d^^T)(l^^T) + {1 — 2) > {I — 2), 
therefore the right hand side of (13.131) is positive. 
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For case 2, by (j3.6ll and (j3.7l) and the fact that '0(x) > x, we have 

p ^ d\Xn\+d{l — 2) d d{l — 2) 

~p - 2(d- 1)|A„| ^ 2(d-l) ^ 2(d-l)|A„| 


which attains its minimum at |A„| = d, which provides (13.141) . 

For case 3, by (13.101) (13.lip and the facts that ii^[x) > x and |A„| > A 2 —2(Z —2), 
we have 


p ^ d\Xn\+d{l-2) ^d\2-2d{l-2) + d[l-2) 

~p - 2(d- 1)A2 “ 2(d- 1)A2 

d d{l - 2) 

2(d- 1) “ 2(d- 1)A2 


since A 2 > |An| > 2 ^/(d — 1)(Z — 1) — {I — 2). Therefore 

p d d{l — 2) 

~p - 2 (d-l) “ 2(d-l)(2v^l)(/-l)-G-2)) 


which provides (j3.15p . To see that this is not a trivial bound, it suffices to prove 
that 


2^{d-l)(l-l) -{1-2) >1-2 
This is clear because d> I, therefore 


2^/{d-l){l-l) -{l-2)> 2^{l-l){l-l) -{l-2) = l>l-2 


which ends the proof of Corollary 13.21 


□ 


Remark 3.2. In Corollarv \S. 2\ if we set I = 2, then all cases reduce to 

I > ^ 

p - 2(d- 1) 

which is the same as Corollary 1.2 in [^. 

3.2. Comparison of the mixing rates of the non-backtracking random 
walk and the cliquewise non-backtracking random walk. 
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Corollary 3.3. Based on the conditions of Corollary I j . ,91 with the case d> I, 
define the following five constants: 

2{d{l-l) - 1) 

2{d - l)il - 1) + VT^,y{d - l)il - 1)(^VT^ + ^{l-6) + A^{d-l)il-l 

1 + -\/l - 
1 + 

Vd{l - 1) - 1 

2{d{l - 1) - 1) + VT^^/dil - 1) - l(^vr^ + ^J{l + 2) + 4^d{l-l)-lj 

2{d-l){l-l) 

2{d{l-l) - 1) 

{I -l){d+ ^d^ - 4(d(/- 

{djl - 1) - 1) 

{d-l){l-l) 

2^d{l - 1) - 1 + (Z - 2) + y/T^^l + 2 + 4^/dfP^lY^ 

2^d{l- 1) - 1 + 2{l - 2) + 2y/T^^Jl -2 + 2^/dfr- 1) - 1 

Define p' as the the mixing rate of a non-backtracking random walk on G, then if 
X := maxA 2 ,A„ “ 2)| > 2^J{d — 1){1 — 1), then we have the following 5 cases: 

• Case 1: IA 2 — {l — 2)\ > 2^J{d — 1)(^ — 1) and IA 2 — {I — 2)| > {I — 2) — A„, 
then the ratio: 

(3.16) A(dJ) < ^ < B(dJ) 

P 

• Case 2: A„ S [-2^d{l - 1) - 1, l-2-2^{d - 1){1 - 1)]; A 2 < 2v'd(Z - 1) - 1, 
then the ratio: 

(3.17) C(dJ) < ^ < D(d,l) 

P 

• Case 3: A„ G [-2sjd{l - 1) - 1, l-2-2^{d - l){l - 1)]; A 2 G [2^d{l-l) - 1, {l- 
2) + 2yJ[d — !)(/ — 1)], then the ratio: 

(3.18) A(dJ) < ^ < D(dJ) 

P 

• Case 4- I < d/A + l/d + 1; A„ < —2^d{l — 1) — 1; |A„| > IA 2 I, then the 
ratio: 

E(dJ) <^< D(dJ) 

P 


A{d,l) 

B{d,l) 

C{d,l) 

D{d,l) 

E{d,l) 

F{dJ) 


(3.19) 
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• Case 5: I < d/4 + 1/d + 1; A„ < — 1) — 1; |A„| < IA2I and 

IA2 — (? — 2)1 < (Z — 2) — A„ then the ratio: 

(3.20) F(d,l) < ^ < D(d,l) 

P 

Moreover, we have 

A{d, 1) < B{d, 1)<1< C{d, 1) < D{d, 1) 

Furthermore if d and I satisfy the prerequisite of Case 4 Case 5 (i.e. I < 
d/4+l/d+l/, we have 

A{d, 1) < F{d, 1) < B{d, 1)<1< C{d, 1) < E{d, 1) < D{d, 1) 

Remark 3.3. Because A„ > —d, so for Case 4 Case 5, in order to make 
that An < —2^yd(l — 1) — 1 reasonable, we need the prerequisite that 


to make —d < —2iyd{l — 1) — 1. 

Before proving Corollary 13.31 we need to prove that our classification in Corol¬ 
lary is reasonable. 


Claim 1. We have 

-2yjd{l - 1) - 1 < (Z - 2) - 2v'(d- 1)(Z- 1) <1-2 
< 2v'd(Z-l)-l <{l-2) + 2v'(d- 1)(Z- 1) 
which means that the five cases are reasonable. 

Proof of Claim [TJ The first inequality is by the fact that 

2^/d{l-l)-l > 2^/{d-l){l-l) > 2^/{d-l){l-l) - (Z - 2) 

The third inequality is by the fact that 

2^/d{l - 1) - 1 > 2VZ(Z- 1)- 1 >21 >1-2 
To see the last inequality, we will prove that for every x G [0, Z — 2]: 

(3.21) 2^d{l -l)-l-x + x> 2yjd(l - 1) - 1 

Then setting x = 1 — 2. In fact, we have the left hand side equals to the right hand 
side when a; = 0, then (|3.2ip holds if the derivative of the left hand side is larger 
tan 0. This is clear since 

1 ^ 1 _ 1 < T 

^Jd{l - 1) - “ ^d{l - 1) - 1 - (Z - 2) “ V(d-l)(Z - 1 ) ~ 

which provides Claim [T] □ 


Proof of Corollary 13.31 As showed in [^, 


(3.22) 


P = 


A' 


2^/d{MMY^ 


- 1)-1 


where ip is the same as our definition of ip. 

1. For case 1, we claim that case 1 implies that A 2 > 1 — 2. Because if otherwise, 
then we have (Z — 2) — A 2 > (Z — 2) — A„, therefore A 2 < A„, which means A 2 = An, 
contradicts to the fact that G is not complete. Therefore we have A 2 — (Z — 2) > 
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|A„| + {l- 2), SO A 2 > |A„| and A 2 > 2y/{d - 1){1 - 1) + (I - 2) > 2^d[l - 1) - 1 
by Claim [I] Thus we have 


(3.23) 

(3.24) 


A 2 - (; - 2) + ^(A2-(/-2))"-4(d-l)(Z-l) 
2{d-l){l-l) 

A2 + ^A| — '^{dil — 1 ) — 1) 

2 {d(l - 1 ) - 1 ) 


We claim that pjp' is increasing in A 2 . In fact, we will show that for a := 1 — 2, 
b := 4(d- 1)(Z - 1), c := 4(d(Z - 1) - 1): 


(3.25) 

is increasing on x 
derivative of f{x): 


fix) := 


(x — a) + (x — a)^ — b 
X + Va:^ — c 


> 2y^ {d — 1){1 — 1) + {1 — 2). Consider the numerator of the 


( 


1 + 


X — a 


(x + x^ — c) 


= all — 


y/ix- a)2 - b-' 

((x - a) + \/(x - a)2 - b) (1 + J 

(' - TT^^Tt) + (v'^- V(* - «)= - i>) 

1 \ / \/x^ — c Vix ~ ~ b 


y/iX- a)2 - b^ 
1 


y/ix — a)2 — b y/x'^ — c' y/ {x — a)^ — b Vx^ — - 


+x(x — a) ^ 


= (Vx^ — c — \/(x — a)^ — &) ^1 — 




+ 


x(x — a) 


y/ix — a)^ — b y/ix — a)^ — b ■ y/x^ — c 


i 


y/x^ — c + y/ix — aY — b 


)) 


y/ix — a)2 — b ■ Vx^ — c 

~ r - a) + (x - a) y/x^ -c + xv'(a;- a)^ - 
\/— r. • X /lx — aV — h \ / 


y/x"^ — C ■ y/ix — a)^ — b 
+ {V x^ — c — \/(x — a)2 — 6) 
Furthermore we claim that 


(3.26) X > a 

(3.27) y/x^ — c — y/ix — a/ — 6 > 0 

therefore the last equation is non-negative, which provides our previous claim. In 
fact, (13.261) comes from the fact that x > 2y/id^^l)(r^^T) + {I — 2) > I — 2 = a hy 
Claim [TJ For (13.271) . note that 

(3.28) 

y/ x^ — c > y/ix — aY — b O x^ — c > (x — a)^ — 5<t^x> - —— + — = -—- + 2 

This is clear since x > 2y/id^^T)il^^T) + {1 — 2) > 2 + Thus, p/p' attains 
its maximum at A 2 = dil — 1) — I (since G is not complete) and its minimum at 
A 2 = 2y/id^^T)(T^^T) + H — 2), which provides (13.161) . To see the upper bound 
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B{d, 1) is less than 1, just note that the function g{x) := 1 + — 4/x is increasing 

in X and the fact that (d — !)(/ — 1) < d(l — 1) — 1. 

2. For case 2, we have that both |A„| and IA 2 I are no-larger than 2^yd{l — 1) — 1. 
And X 2 — {I — 2) < 2\J{d — 1){1 — 1) if A 2 > / — 2 by Claim 3.7. If A 2 < / — 2, then 
|A2 -a-2)| = j l - 2) - A 2 < (Z - 2) - A„ = |A„ -{1- 2)|. And |A„ - (I - 2)| > 
2y/{d — 1){1 — 1). So we have the mixing rates: 


(3.29) 

(3.30) 


|A„| + (; - 2) + V(|A|„ + (;-2)1)2-4(d-l)(l-l) 

2(d-!)(/-!) 


Vd{l - 1 ) - 1 


therefore pjp' attains its maximum at |A„| = 2^Jd{l — 1) — 1 and its minimum at 
|A„| = 2^{d — 1)(1 — 1) — (1 — 2), which provides (13.171) . 


Remark 3.4. To get a simpler upper bound of D(d,l), note that 


D(d,l) < 


Vd{l - 1 ) - 1 


2|A„| +2(1-2) 

2(d- 1)(1- 1) 


|A„|=2^d(i-l)-l 


2{d{l - 1) - 1) + (1 - 2)v'd(l- 1)- 1 

(rf-1)^-1) 


where the inequality is by the fact that (|A„| + (I — 2))^ _ ... < + (1 — 2), 

and this bound is simpler than D{d, 1) but is not sharp, because if I = 2, then the 
D(d, 2) is 1, but the this bound is 2. 


3. For case 3, we have |A„ — (I — 2)| > IA 2 — (I — 2)| and |A„| < A 2 . Thus we 
have 


(3.31) 

(3.32) 


|A„| + (1 - 2) + ^(|A„| + (l-2))"-4(d-l)(l-l) 

2 ( d - 1)(1 - 1 ) 

A 2 + yxl - 4(d(l - 1) - 1) 

2(d(l-l)-l) 


therefore p/p' attains its maximum at |A„| = 2^d(l — 1) — 1, A 2 = 2^d(l — 1) — 1 
and its minimum at |A„| = 2yJ(d — 1)(1 — 1) — (^ — 2), A 2 = l — 2 + 2sJ(d— 1)(1 — 1). 
Moreover, since (13.2911 and (j3.3ni) hold at |A„| = 2yJd(l — 1) — 1 and A 2 = 2y'd(l — 1) — 1, 
thus the corresponding discussion in Case 2 is valid, which yields the same upper 
bound with Case 2. For the lower bound, we have that at |A„| = 2^/(d — 1){1 — 1) — 

(1 - 2), A 2 = 1 - 2 + 2v'(d-l)(l-l), 

y^(d-i)ii-T) 

which is equivalent to the lower bound of Case 1. Therefore Case 3 shares the same 
lower bound with Case 1. 

4. For case 4, we firstly claim that |A„ — (1 — 2)| > IA 2 — (1 — 2)|. To see this, 
if A 2 > 1 — 2, we already have |An| > A 2 , therefore 


|A„ - (1 - 2)1 = |A„| + (1 - 2) > A 2 - (1 - 2) = IA 2 -{I- 2)1 
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If A 2 < ^ — 2, we have 

|A„ - (Z - 2)1 = (Z - 2) - A„ > a - 2) - A 2 = IA 2 - a - 2)1 

Moreover, we have |A„ — (/ — 2)| > 2-^(d — 1){1 — 1) and |A„| > 2y'd{l — 1) — 1, so 
we have the mixing rates: 

|A„| + {l-2) + + -4{d-l){l-l) 


(3.33) 


(3.34) 


P = 


P = 


2{d-l){l-l) 
|A„| +VA2-4(d(Z-l)-l) 


2{d{l-l)-l) 

We claim that pip' is decreasing in |A„|. In fact, we will show that for a := I — 2, 
b := 4{d — I)(^ — I), c := 4(d(^ — I) — 1), the function defined by: 

(x + a) + ^y{x + a)^ -b 


(3.35) 


fix) := 


X + \/ x^ — c 

is decreasing on a; > 2sJdif — 1) — I. Consider the numerator of the derivative of 

fix)- 

xix + a) \ 


1 + 


+ 


yjix + a)^ — b y/x^ — c \/ix + a)^ — b \/ix + a)^ — b'Jx^ — c 


■ (yj x"^ — c — \/ ix + a)2 — 6) 

Furthermore we claim that 'J x^ — c — \J {x a)^ — b < 0 therefore the numerator 
is non-positive, which provides our previous claim. To see this, note that 


y/x"^ — c < \/(x'+"ap'^^ X > 


b — c — I 
2a 


This is true since the last term is negative. Thus 'pjp' attains its maximum at |Ati| = 
2y^dil — 1) — I and its minimum at |Ara| = d, which provides (13.1911 . Moreover, 
(13.291) and (13.301) hold at |A„| = 2^/dil — 1) — 1, this yields the same upper bound 
with Case 2. To see i?(d, 1) > Cid, 1), we treat filp! where p defined by (13.331) and p' 
by (13.341) as a function, F, of |A„|. Thus F is decreasing on [2y^d(Z — 1) — 1, 00 ) by 
(I3.35|l . Moreover for this case we have that d>2 dil — 1) — 1 by the prerequisite 
and Remark 13.31 Therefore we have 


F(d, 1) = Fid) > lim Fix) = f y I > y I = dd, 1) 

(«-l)(‘-l) v(d-l)(Z-l) 


where the last inequality is by the fact that d{l — 1) — 1 > (d — 1)(Z — 1). 

5. For case 5, we firstly claim that Case 5 implies A 2 > Z —2. In fact, |A„| < IA 2 I 
implies A 2 > 0, otherwise we have A„ > A 2 , contradicts to the fact that G is not 
complete. Then suppose X 2 < I — 2, we have that A„ < —2\Jdil — 1) — 1 => |An| > 
2y^dil — 1) — 1. On the other hand |An| < A 2 < ? — 2, so we have 2y/dil — 1) — 1 < 
Z — 2, which contradicts to Claim [TJ So we have the mixing rates: 


(3.36) 


P = 


P = 


|A„| + (Z - 2) + ^(|A„| + (Z-2))"-4(d-l)(Z-l) 
2((i-l)(Z-l) 

A 2 -l- \/A2 — 4(d(Z — 1) — 1) 

2(d(Z-l)-l) 


(3.37) 
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Therefore p/p' < p(|An|)/p'(|An|), similar to Case 4, we have the same upper bound 
D{d,l) with Case 4. For the lower bound, we have 'pip' > p(|A„|)/p'(|A„| + 2(Z —2)) 
by the fact that A 2 — (^ —2) < |A„| + (? —2). We claim that p(|A„|)/p'(|A„| + 2(Z —2)) 
is increasing in |A„|. In fact, we define 

, , — 1 ) — 1 ., „ , 
where j{x) is defined in p.25p . Therefore 

d{l — 1) — 1 |An| + a + 


(d l)(l 1) |A„| + 2a + \/(| A„| + 2a)^ — c 

|A„| + (/-2) + ^(|A„| + a-2))"-4(d-l)(Z-l) 


2(d-l)(i-l) 


|A„|+2(i-l) + -y(|A„|+2(i-l))'-4(da-l)-l) 

2(d(i-l)-l) 

p(|A„|) 


p'(|A„|+2(Z-2)) 

We have that f{x) is increasing on [2-\/(d — !)(/ — 1) + {I — 2), 00 ), therefore g{x) 
is increasing on [2-^(d — !)(/ — 1) — {I — 2), 00 ). And |An| e [2^/d{l — 1) — l,(i] C 
[2^{d-l){l-l)-{l-2) , 00 ) by Claim 11. Therefore it attains its minimum at 
|A„| = 2y/d{l — 1) — 1, which provides (|3.20p . To see that A{d,l) < F{d,l), note 
that 

+ {i- 2)) 

= g{2V{d- m - 1) - a - 2)) < g{2^d{l - 1) - l) = F{d, 1) 

On the other hand, in order to prove F{dJ) < B{dJ), it suffices to prove that 
F{dJ) < B{d,l) for I > 3, since if Z = 2, then F{d,l) = B{d,l) = 1. We firstly 
assume that 

J-2\/2r^ , l + 2y/21^ 

d i ( + 1 , + 1 ) 

which means (d — 1)(Z — 1) ^ {l — 2\/2l — 3, l + 2\/2l — 3), assume ici := (d—1)(Z —1); 
X 2 '■= I — 2, we have 

X\ ^ (x2 “t“ 2 — 2\/2 x2 F 1, X2 4“ 2 + 2\/2x2 F 1) 

4=^ xf — ( 2 x 2 + A)xi +X 2 — 4x2 > 0 
<;=^ (Xi — X2f' > 4 (xi + X2) 

4=^ a^i — X2 > 2y/xi + X2 

d(l-l)-l- 2(1 - 2) > 2^d(l - 1) - 1 


Therefore we have 


B(d,l) = 


d(l - 1) - 1 
(d-l)(l-l) 


f{d(l-l)-l) 


= g(d(l -l)-l-2(l- 2)) > g(2^d(l-l)-l) = F(d, 1) 
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To see the last inequality, we have that f{x) is actually increasing on 

I — 2 

[max{Z - 2, — -h 2}, oo) 


by (13.2611 and (j3.28ll in the proof of Case 1. And it is easy to verify that 2yjd{l — 1) — 1+ 
2{l — 2) > max{^ — 2, ^ + 2}, therefore /(x) is increasing on [2+ 

2{l — 2),oo), hence g{x) is increasing on [2— 1) — 1,oo). Moreover, since 
{I + 2\/2r^)/(Z - 1) + 1 is decreasing for Z > 3, to see this, substituting I by 
k + 1 with k > 2, we have 


Z + 2\/2r^ 


l=2+-+2 



1 


so we have 


max ■ 
/>3 


l + 2y/W^ 

Z- 1 


+ l = ^ + y3<5 


which means that if cZ > 5, then (cZ — 1)(Z — 1) ^ [Z — 2y/2l — 3, Z + 2y/2l — 3], repeat 
our discussion we get A{d, Z) < F(d, Z) < B{d, Z). If d < 5, we have only three cases: 
cZ = 4, Z = 4 or cZ = 4, Z = 3 or cZ = 3, Z = 3. However none of these cases satisfies the 
condition Z < (Z/4 +l/cZ+1, which proves the bound A(cZ, Z) < F{d,l) < B{dJ). □ 


Remark 3.5. If we set I = 2 in Corolla, rv \3. A then all upper bounds and lower 
bounds reduce to 1. 

Remark 3.6. From Corolla, ru \S.d\. we have that the cliquewise non-backtracking 
random walk mixes faster than non-backtracking random walk in Case 1 and slower 
in Case 2 and Case 4- 

Corollary 3.4. Based on the conditions of Corollary \l.tA assume p to be 
the mixing rate of a simple random walk on G, p' to be the mixing rate of a non¬ 
backtracking random walk onG, then if X := maxA2,A„ l-^i —(Z—2)| < 2^y(Ji^^V)(T^^V) 
and d{l — 1) = as n ^ oo, then 

(3.38) 

'p d{l — 1) ^ d , , ,, 

P “ 2{d - 1)(Z - 1){1 - o(l)) + (Z - 2)^{d - l)(r^ “ 2{d-iy ^ 

(3.39) 

_ d{l-l) _ 

p- 2{d- 1)(Z - 1) + (Z - 2)v'(d-l)(Z-l) 

(3.40) 

A(cZ,Z) < 4 < C{d,l) 

P 

where A{d,l) and C{d,l) are defined in Gorollarv lS.Si 
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Proof of Corollary 1,3.41 Define A' := max(|A2|, |An|), then for A < 2y'{d - 


we have 


(3.41) 

1 

P V^(d-l)(Z-l) 

(3.42) 

A' 

P~ d{l- 1) 

(3.43) 



We need to use Theorem 1 in If the diameter of G is > 2fc + 2 > 4, then 

A2 > / - 2 + 2Vid - 1){1 - 1) - ~ - lljzl 

Since the diameter of a d{l — l)-regular graph is at least (1 — o(l)) log^(;_i)_i n 
(see the proof of Corollary 1.2 in [1]), we have that if d{l — 1) = then the 

diameter will converge to infinity, which is greater than 4 as n large enough. So by 
this theorem, we have 

A' > A2 > (; - 2) + 2v'(d-l)(Z-l)(l - o(l)) 

Thus substituting p = 1/^{d — !)(/ — 1) and p = X' /d(l — 1) provides (1,3.,381) . 

On the other hand, we have 

(3.44) A' < (Z - 2) + 2^{d-l){l-l) 

which provides (13.391) . The result (13.401) is by (13.441) and the fact that p' > 
l/yjd{l-l)-l. □ 


Remark 3.7. A special case is I = 2, then A = A' and \3.88\) . \3.39\) yield: 


<P-< 


2{d-l)- p - 2{d- 1) 


( 1 + 0 ( 1 )) 


which means pjp = 2 (d-i) same as the conclusion of Corollary 

1.2 in [2]. And {3.40^ yields 'pfp = 1. 


4. Examples 

The readers less familiar with some of the notions used in this section (partial 
geometry, point graph, Latin square graphs) may wish to consult [9l 116) . 

Corollary 4.1. Suppose G is the point graph of a partial geometry pg{K, R, T), 
then if R > 3, K > 3, R > K, the cliquewise non-backtracking random walk 
converges slower than the non-backtracking random walk, in other words, p > p'. 
Moreover, 

1 


Proof of Corollary 14.11 We have that G is a d{l — l)-regular graph as 
dehned in the first section, with d = R, I = K. We have 

(4.1) A2 = 

(4.2) A„ = 




K - 1-T 
-R 


































MIXING RATES OF RANDOM WALKS WITH LITTLE BACKTRACKING 


21 


Then we have \X 2 — {K — 2)\ = T — 1, |A„ — {K — 2)| = {R — 1) + {K — 1). Since 
T < Taa\{K, R}, we have IA 2 — (K — 2)| < |A„ — (K — 2)|. Then by Corollary 1 1.31 


On the other hand, since |A„| = R> \K — 1 — T\ = IA 2 I, we have 

1 R + J- A{R{K - 1) - 1) 

(4-4) p' = , or - ^ , , , -^- - 

If d = , ^ , we have 

^ ^R{K-V)-\ ^ ^K{K-\)-\ 

p' K -1 - K -1 

V(K-1)2 + (X-2) 


R+J R‘^-4:{r{K-1)-i) 

Further if p' = - 7 ,-, we have 

2(r(k-i)-i) 

p_ 2{R{K-1)-1) 


P' R{K -l) + iK- 1) Y^i?2 - A{R{K - 1) - 1) 
To see p/p' > 1, note that this is equivalent to 

^R2 - a{R{K - 1) - 1) < R- 


which is equivalent to 

which is clearly true. 


□ 


Remark 4.1. In Corollary the reason why we assume K > S (I > 3) 
instead of K> 2 (I >2) is that if K = 2, then A„ = —R = —d = —d{l — 1), which 
means that this is a bipartite graph, which is not the case in Corollarv \l.S[ 

Corollary 4.2. Suppose G is the point graph of a partial geometry pg(K, R, T) 
with K > 2, R > 2 and R < K, T > 1, then we have 

1. The mixing rate, p, of a cliguewise non-hacktracking random walk on G 
satisfies 

1 

^{K-l)iR-l) 

2. If 4^2^ + < R, then p > p', i.e. cliquewise non-backtraeking random 

walk mixes slower. 

3. A special kind of partial geometry pg{K, R,T) with T = 1 is called a gener¬ 
alized quadrangle, denoted by GQ{K — 1,R — 1). Suppose G is the point graph of 
GQ{K —1, R—1), then if R < K/A — l, then p < p', i.e. cliquewise non-backtracking 
random walk mixes faster. 
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Proof of Corollary 14.21 1. We have, since T <R<K -I, 

A 2 = K-l-T>Q 

Xn = —R = —d 

Hence IA 2 - (if - 2)| = T - 1 < 2^{R-l){K -1) since T < min{K, R}. Thus by 
Corollary [13] and the fact that pg{K, R,T) has only three eigenvalues, the mixing 
rate, p, of the cliquewise non-backtracking random walk satisfies 




(4.5) p = 

which ends the proof of 1. 

2. If -I- < Rj then we claim that max{A 2 , |A„|} < 2^R{K — 1) — 1. 

To see this, we surely have |A„| = R< 2^ {R — 1){K — 1) < 2yjR{K — 1) — 1. For 
A 2 , we have \2 = K —1 — T < K — 2, therefore K — 2 < 2^R{K — 1) — 1 => A 2 < 
2\jR{K — 1) — 1. And the condition 


K-2< 2^/R{K - 1) - 1 
Hence we have 

(4.6) p' = 

and 


AT- 3 


4(a:- 1) 


< R 


y'RiK-l)-! 

^RiK-l)-l _ ^{K-l){R-l) + iK-2) 


> 1 


fy ^{K-1){R-1) ^(K-1){R-1) 

which ends the proof of 2. 

3. We have T — 1, hence 

A 2 = K-2 

Xn = ~R 

We firstly consider the case when R < [K — 3)/4 -|- 5/(4(Ar — 1)), we have 
AT- 3 5 


(4.7) R< 
and 

(4.8) R< 
then we have 

(4.9) 

Therefore 


4 4(a:-i) 

K-Z 5 


A 2 = a: - 2 > 2^jR{K- 1) - 1 


R<K-2 (i.e. |A„| < A 2 ) 


4(a:- 1) 

K-2+ - 2)2 - 4(A(A: - 1) - 1) 


P = 


2{R(K-l)-l) 


p _ 2{R{K-l) - 1) 1 

p' ^{K -l){R-l) K-2+ ^{K - 2)2 - 4(A(A: - 1) - l) 


(4.10) 
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It can be shown that p/p' is increasing with respect to i?, in fact, from the last 
equation, define 


A{R) 


2{R{K-l)-l) 


2^{K-l){R-l) + 


2{K-2) 

V{K-1){R-1) 


is increasing with respect to R by noting that the function f{x) := x + {K — 2)/x is 
increasing for x > y/K — 2 and y/{K — 1){R— 1) > y/K — 2. On the other hand. 


(4.11) B{R) :=- 

K-2+ J{K - 2)2 - A,[R{K - 1) - 1) 


is increasing with respect to R. Therefore p/p' attains its maximum at i? = + 

where ()4.6I) still holds. Hence we still have pjp' > 1 for i? = 

(i.e. upper bound). On the other hand, p/p' attains its minimum at i? = 2, thus 
the lower bound: 

p _ AK-Q 1 

p' ~ y/K-1 K -2 + VK^ - 12.K + 16 
A{K-l) 1 _ / 16 

“ yflT^ ' K-l~ y K-1 

for K G N such that — 12K + 16 > 1. Thus ii K > 18, the lower bound is < 1. 

Further if i? < K/A — 1, then we clearly have R < {K — 3)/4 + 5/ {A{K — 1)), 
hence (14.7p . (14.8L (14.911 and (I4.10p hold. Since (j4.10p is increasing with respect 
to i?, so we only need to verify that (I4.10l) < 1 for R = if/4—1. We have, at 
R = K/A-l, 


where B{R) is defined by 
therefore we have 


K^-5K ^/K-A\ 

~ y/K^ - 9K +1 V 4 ) 

(14.111) . Since B{R) is increasing with respect to R, 


B 


m < K^) 


if- 3' 


if- 2 


y/5^ K 


Therefore we have 
(4.12) 


(SinD < 


if2 - 5if 
y/K^ -9K + 8 


1 

K 


We claim that ()4.12l) < 1 for if > 17 and hence ()4.10p < 1 if if > 17, in fact, it 
sufhces to prove that for if > 17, 

{K^ - hKf <K^ - 9K^ + 8if2 


which is obviously true. On the other hand, if if < 17, then by our assumption 
2<i?<if/4—l=^if>12. Thus we have six possibilities, they are: 

(ii, if) = {(2,12), (2,13), (2,14), (2,15), (2,16), (3,16)} 

The corresponding p/p' is: 

4 ~ (0.904534, 0.810432, 0.744234, 0.69351, 0.652692, 0.869771} 

P 

They are all less than 1, which ends the proof of Corollary 14.21 □ 
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Corollary 4.3. Consider three special kinds of generalized quadrangle GQ{q, 1), 
GQ{q,q), GQ{q,q^) where q is a prime power, we have: 

1. For GQ{q, 1), p < p' for q > 11, and p > p' for q < 10. 

2. For GQ{q,q) and GQ{q,q^), then we always have p > p'. 

Proof of Corollary 14.31 1. For GQ{q, 1), we have iF = q + 1, i? = 2, then 
by the third part of Corollary 14.21 we have p < p' for i^T > 12, therefore the same 
result holds for q> 11. Ifg< 10 ^ K < 11, further if i^T = 11, then by (14.101) . we 
have p! p' ~ 1.06947 > 1. If else itT < 10 => <2 = R < K — 1, then 

by the second part of Corollary 14.21 we have p > p'■ 

2. For GQ{q, q) or GQ{q, q^), we have either K = q+1 and R — q+l,ov else 
K = q + 1 and R = + 1, both of which satisfy R > K and R > 3 and K > 3, 

then by Corollarv l4.ll we have p > p'. □ 


Corollary 4.4. Consider the partial geometry induced by a Latin square of 
size I X I with I > 3, i.e. two positions in the Latin square are said to be contained in 
one line if they are either in the same row or same column in the Latin square, or 
else they share the same value. So the corresponding partial geometry is pg{K, R, T) 
with K = I, R = 3, T = 2. Therefore the point graph G of this partial geometry 
is a 3{l — 1)-regular graph as defined in the first section. We have that p > p' for 
I < 16 (i.e. the cliquewise non-backtracking random walk mixes slower); p < p' for 
I > 17 (i.e. the cliquewise non-backtracking random walk mixes faster). Moreover, 
as I —>■ oo, then pjp' ^ 

Proof of Corollary 14.41 We have 


(4.13) As = 1-3 

(4.14) A„ = -3 = -d 

Since we have d < I and A„ = —d, then by Corollary 11.31 we have 

1 g\X2-{1-2)\- 


P = 


^2{l-lf^ 2^2{l-l) 


and IA 2 — (/ — 2)1 = 1 < 2^j2{l — 1), therefore 
(4.15) ' ^ 


P = 


V2T^ 

For p', we clearly have 

|A„| = 3 < 2\/5 < 2v'3(Z- 1) - 1 = 2^d{l - 1) - 1 
Then if Z < 9 + 2\/l4 A 2 = ? — 3 < 2^3{l — 1) — 1 = 2y/d{l — 1) — 1, we have 

(4.16) p' = , ^ 

Therefore p > p'. Further if Z > 9 + 2\/T4, we have 

, l-3 + Vl^-18l + 25 

(4.17) p = 

therefore 

(4.18) 


61-8 


61-8 


p' 1-3 + y/p - 181 + 25 
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We have the following inequality for pjp'\ 

p 61 — 8 1 

7 ~ ' 1-8 + y/W- m + 25 

61-8 1 61-8 1 

< - < - , 

“ 1 - 8 - 1-8 ^21 - 8/3 

=: /(O 


We claim that f{l) < 1 for Z > 23, therefore p/p' < 1 for I > 23. In fact, we have 


We have 


/(O 


61-8 1 _ 8V2^l - 4/3 

- 8/3 l-8~ 1-8 


f{l) < 1 18(Z - 4/3) < (Z - 3)2 Z > 12 + VTTT I > 28 


On the other hand, if 9 + 2\/l4 < Z < 23, we have six choices: Z = 17, 18, 19, 20, 
21, 22. Then by gH]), we have p/p' Ri 0.987437, 0.857493, 0.780563, 0.724947, 
0.681405, 0.645748 respectively. Moreover, as Z —>• oo, p/p' ^ by (14.181) . which 
ends the proof of Corollary 14.41 □ 


Suppose that we have t orthogonal Z x I Latin squares with t < I — 2 and 
Z > 3. Consider the partial geometry induced by these Latin squares and the point 
graph of this partial geometry. Then we have cZ = t + 2<Z, A 2 = Z — Z — 2>0 
and \n = —t — 2. Then by Corollary 1.3 and by the fact that 2y/(t + 2)(Z — 1) > 
2{t + 1) > Z = IA 2 — (Z — 2)1, the mixing rate of the cliquewise non-backtracking 
random walk equals 

1 

\/(Z + i)(z - 1) 

The mixing rate p' of the non-backtracking random walk will be 


(4.19) p' = 


l-{t + 2 ) + y/P-elt- 12 l + {t+4y 

2((t-L2)(;-l)-l) 


^(t+2)(Z-l)-l 


if l>8{t + 2) + 2^y{2t + 5){t+l) 
otherwise. 


To see this, firstly note that if A 2 > |A„|, then the fact Z > 8{t+2)+2^y{2t + 5)(Z -I- 1) 
is equivalent to A 2 > 2^d{l — 1) — 1. On the other hand, if A 2 < |A„|, then we 
have |A„| = Z -I- 2 < 2^J(t + 2)(t + 2) — 1 < 2-\/d(Z — 1) — 1. Therefore we have if 
t + 2 <l <8{t + 2) + 2^/{2t + 5){t + l), 

1 _1__ , 

y/{t + l)(l — 1) ■\/(Z + 1)(Z — 1) -I- (Z — 1) — 1 


The case that Z > 3(Z -I- 2) -I- 27(2Z+"5)7'+T) will be a bit more complicated. But 
we have that 

p ^ 2{t + 2){l-1)-1 1 ^2(Z-k2) y/T^ 

p' y^(Z -|- 1)(Z — 1) Z — (Z -|- 2) + 1 Z — (Z — 2) 

< (by the fact that Z > 2(Z -|- 2) => Z — (Z -|- 2) > 1/2) 

- VtTT Z/2 ' j ^ 

4(Z-k2) J_ 

VtTT VI 
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So a sufficient condition for p < p' is that I > 16(t + 2)^/(t + l). Moreover, we have, 
by ( |4.19| ), 


p t + 2 
P y/t + Iv^ 


Moreover if t = 1, we obtain Corollary 14.41 


Appendix 

Before proving Lemma l2.11 we firstly state a well known result: 

Lemma 4.5. Define T as the unit circle in C. //d/rr ^ Q, then the range of 
eik9 • 2 T jg dense on T. 


Proof of Lemma l2.ll If ?/ £ [—1,1], then y = cosO for some 9 £ [0, tt]. We 
have 


\Qk{y)\ = 


^^l-l)^l-S){d-l + S)Uk{y) + {l- 2)(1 - S)Uk-i{y) 

( 1 - 6)^(1 


yjd— 1 + (5 


-Uk-2{y) 


v' (i-iKi-,i)(<i-i + ,i)™<i+d*‘' + (' - 2)(i - 


sin6> 


sin0 


(1 — 5)^J{1 — 1)(1 — (5) sin(fc — 1)9 


^/d-l + 5 sin6» 

< yj{l - 1){1 - 6){d - 1 + 5){k +1) + {1- 2)(1 - S)k 

, (l-<5)v^(;-l)(l-5)^ 


\/d — 1 + (5 


-(fc-1) 


Therefore limsupj,^^ \qk{y)\^^^ < 1- 

Next, if H/tt £ [0,1/2]\Q, take a sequence of integers kj such that limj_>.oo sin(A:j + 
1)9 = 1 by Lemma [4.51 So we have limj_>,oo sin = cos0 > 0 by the fact that 
gdfej+i)® —>• i, which yields 


> 


> 


lim gfc (y) 
3^00 


lim 

3^00 L 




smf 


sin0 


(1 - 5)^J{1 - 1)(1 - 5) sin(fcj - 1)9 


y/d— 1 +15 


sin0 


1 


sind 

1 


l-l){l-6){d-l + 6)- 


l-l){l-S){d-l + S)- 


sm9 

1 ^{1-1){1-S) 
sind ^/d - 1 + S 


{l-S)^il-l){l-6) ^ 
^/d — 1 + 6 ' 

Vil-m-s) 

\/c? — 1 + (5 


{d + 6-2)>0 
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for d > 2. On the other hand, if c? = 2 and d = 0, we have 1{1 — 6) > d by the 
assumption of the lemma, therefore I > d = 2, which yields 

lim qkj{y) 

J-^OO 


lim 
j—^(X) L 


+ + ((- 2)(1 - 


smf 


sind 


(1 — S)^y{l — 1)(1 — d) sin(A:j — 1)0 


Vd — 1 + d 


smf 


> 


sind 


/-l)(l-d)(d-l + d)- 


(l-d)V(/-l)(l-d) 2 
y'd— 1 + (5 2 




,, COS0 

= ;-2^>0 
smO 

Thus limsupfe^^ |gfc(2/)|^^'' = 1 for 9/tt G [0,1/2] \ Q. 

Ifd/TT G [1/2, 3/4]\Q, further if - 1)(1 - (5)(d - 1 + d) > {l-2){l-d)/V2, 
then take a sequence of integers kj such that limj_>oo sin(fcj + 1)0 = 1. Thus 

lim sin kj6 > —\l\p2 

j-yoo 

lim sin{kj — 1)0 < 0 

i-s-oo 


We have 


lim Qk, (y) > -^{V{l-l){l-S){d-l + S)- {I - 2)(1 - S)/V2) > 0 

j^oo smu 

Thus limj^oo =1- Further if a/(/ - 1)(1 - 6){d - 1 + d) < (I - 2)(1 - 

d)/-\/2, take a sequence of integers kj such that limj_>oo sinkjd = 1. Thus 

lim sin(fcj + 1)0 > 

j-yoo 

lim sin(fcj — 1)0 < 0 

j->oo 

Then we have 

\im qk^{y) > - 2)(1 - d) - \/(l - 1)(1 - d)(d - 1 + S)/V2) 

Sin 0 


3^00 


^{{1 - 2)(1 - S)/V2 - V(|-l)(l-d)(d-l + d)/2) 


> 


sin0 


{{1 - 2)(1 - S)/V2 - VG-l)(l-d)(d-l + d)) > 0 


by the fact that / > 1, d < 1 and d + d > 1. So we have limj_>oo = 1- 

In summary, we have limsupj,_>oo l<?fc(2/)|^^^ = 1 for O/tt G [1/2, 3/4] 

If O/tt G [3/4,1] \ Q, further if 


va-i)(i-d)(d-i+d)>a-2)(i-d) + ^^ 
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take a sequence of integers kj such that linij_>oo sm{kj + 1)9 = 1. Thus 

lim sin kj9 = cos 9 > —1 

i-s-oo 

lim sin(kj — 1)9 < 1 

i-s-oo 


therefore, 


lim gkj(y) 

> - i)(i-^)(^-1-(i-2)(i-.)- <'--^> ) > 0 

where the first proper inequality is by the fact that limj_>oo sin(A:j — 1)0 < 1 and 
(1 - <5)\/G- l)(l-<5) > 0. Thus lim^^oo 1%, = 1- Further if 

V(l - 1)(1 - S)(d -1 + S)<(1- 2)(1 - J) + ~ 

then take a sequence of integers kj such that limj_>oo sinfcj0 = 1. Thus 


lim sin(A:j + 1)0 = cos0 > —1 

j-s-oo 

lim sin(A:j — 1)0 = cos0 > — 1 

j^oo 


Therefore, 


> 

> 


lim gfc (y) 

J^OO 


1 

sin0 


{l-2){l-5) 


+ (^^{l-l){l-6){d-l + 5) - COS0 

^ ((i - 2)(i -.) - - i)(i - m -1+ - ^> ) 


where the first inequality is by the fact that 

(^^{l-l)[l-6){d-l + 5) - 

Therefore we have limsup^_,,oo = 1 for 0/7r G [3/4,1] \ Q. 

Next, if 9/tt G (0,1) fl Q, then the range of qk{y) is finite for fc G N. We can 
take a sequence of integers kj oo such that sinfcj0 = 0, therefore 

sin(fcj + 1)0 = sin0 
sin(fcj — 1)0 = — sin0 


dkj (y) = a/(/- l)(l-(5)(fi- l + (5) + 


{l-5)y^{l-l){l-S) 

\/d — 1 + (5 


and 
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therefore 

hm = 1 

J^OO 

Moreover if ^ = 0 or tt, then cos^ = ±1, we have 


%(!) = 


> 


(fc + l)v'(^- l)(l-<5)(d - l + <5) + k{l - 2)(1 - 6) 


(k - 1)^(1 - 1){1 - S){d - 1 + S) - (k-l) 


y/d— 1 + i5 


(fc-1) 


y/d — 1 + 6 


{d + 6-2)>0 


On the other hand, it is easy to verify by induction that Uk{—y) = {—lYUk{y), 
thus we have 


k/c(-l)| 


(fc + l)y/{l-l){l-5){d-l + 5)- k{l - 2)(1 - 


-{k-l) 


{l-5)y/{l-l){l-S) 
y/d — 1 + S 


which is the absolute value of a linear function of k, the cardinality of its range 
is either 1 or infinity. If the cardinality is infinity, then |gfe(—1)| > 0 for k large 
enough. If the cardinality is I, then we have 

y/{l - 1)(1 - S){d -1 + 6) = {I- 2)(1 - <5) + ~ 

which yields 


kfc(-l)l = y/{l-l)il-6){d-l + S) + > 0 

In summary, we have limsupj,_,,oo l'?/c(2/)|^^^ = 1 for y € [—1,1]. 

Next, if \y\ > 1 (same method, see [2]), we have y = {z + z~^)l2 with z := 
y + siga.{y)y/y'^ — I ^ [—1,1]. Setting z := sign( 2 /)e® for some real 0, we have 
y = sign( 2 /) cos(f0). Therefore if ?/ > 0 we have that 


Qkiy) 


y/{l-l){l-6){d-l + 6) 


sin 10 

(1 — 6)y/ {I — 1)(1 — 6) sin(fc — l)i6 


®in(^ + l)*%(Z-2)(l-<5)^^*^ 


sinf0 


y/d — 1 + 5 


sin*0 


y/{l-l){l-S){d-l + 6)- -- + {l- 2)(1 - S) 


zk _ z-k 




(1 - 5)y/{l - 1)(1 - 5) 

y/d-l + 5 z - Z“1 

A{z)z’^ + B{z)z-’^ 
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where A{z) and B{z) do not depend on k. We claim A(z) > 0, to see this, 
1 


:= 


z2 - 1 L 


^{l-l){l-S){d-l + S)z^ + {l- 2)(1 - d)z 




> 


z2 - 1 L 


\/d— 1 + (5 
y'{l-l){l-S)id-l + S) + {l- 2)(1 - (5) 


(l-5)v'(Z-l)(l-<5) 


\/d— 1 + 5 


(by the fact that z > 1) 


> 0 


Therefore, 

\A{z)\\z\'^-\Biz)\<My)\<\A{z)\\z\'^ + \B{z)\ 

Thus \qk{y)\^^^ \z\ = y + — 1 as /c —>■ oo. Further if y < 0, then z < 0. By 

the fact that Uk{—y) = (—l)^17(y), we have 

I / M m -ttt;-—;- ^sin(k + l)i6 ,, sinA:i0 

Sin to 


siniO 


(1 — — 1)(1 — (5) sin(A: — l)i6 


\/d— 1 + (5 

v'(Z-l)(l-<5)(d-l + 5) 


sini0 


|z|fe+i _ | 2 |-(fe+i) 


-(/-2)(l-5) 


1^1"-k|-" 


(1 - 5)v'(^- l)(l--5) |z|''-i - Izj-^'^-i) 


\/d — 1 + (5 

A{\z\)\z\>^ + Bi\z\)\z\->^ 


z - z 


-1 


where 

(4.20) 

A(|z|):= 

and 


I - 1)(1 - S){d - 1 + S)\z\^-il-2)il-S)\z\- 


^/d— 1 + 5 


(4.21) 


i3(|z|):= A(|z|-i) 


The numerator of ^(|z:|) has a root |z| = — 1){1 — S)/{d — 1 + 6). However 

if Z(1 — (5) < d, \/(l — 1)(1 — 5)/{d —1 + 5) < 1, contradicts to the fact that z ^ 
[—1,1]. Therefore we always have H.(|z|) > 0. So by the similar argument as y > 0, 
we have |(Z/c(y)|^^^ —>■ 1^1, which provides (12.161) . 

For the case that 1(1 — S) > d, then >1(|2:|) in (14.201) for y < —1 (hence z < —1) 
has a real root and is |zo| = {I — 1){1 — S)/{d — 1 + 6) > 1. Then v4(|zo|) = 0 
and i?(|zo|) = H(|zo|“^) ^ 0, therefore if we assume 


We have 


yo :=-(l^ol + kol ^)/2 


-d-{l-2){\-S) 
2^(l-\)(\-6)[d-\ + 6) 


lim = l^^ol ^ 

K—^OO 


' d-l+S 
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which provides (|2.17p . 
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